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Daniel Campbell Everything interesting happens on a Cantor set



Cantor sets

A continuous image of {−1, 1}N into R. Cantor ternary set
and the ‘Devil’s staircase’

In Rn we will use images of
(
{−1, 1}n

)N
into Rn. Corresponds

to Cartesian product.
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Cantor sets

Address a ∈
(
{−1, 1}n

)N
. For each k , ak ∈ Rn. Direction

The shift is 1
2
rkak+1. Typical case rk+1 =

1
2
rkβ for some

β ∈ (0, 1).
Perfect self similarity: zk+1(a) = zk(a) +

1
2
rk =

∑k
j=0

1
2
βjaj

The Cantor set is closed and totally disconnected.

Self similarity: finding the next center zk+1(a) = zk(a) +
1
2
rk

Daniel Campbell Everything interesting happens on a Cantor set



Cantor sets

Address a ∈
(
{−1, 1}n

)N
. For each k , ak ∈ Rn. Direction

The shift is 1
2
rkak+1. Typical case rk+1 =

1
2
rkβ for some

β ∈ (0, 1).
Perfect self similarity: zk+1(a) = zk(a) +

1
2
rk =

∑k
j=0

1
2
βjaj

The Cantor set is closed and totally disconnected.

Self similarity: finding the next center zk+1(a) = zk(a) +
1
2
rk

Daniel Campbell Everything interesting happens on a Cantor set



Cantor sets

Address a ∈
(
{−1, 1}n

)N
. For each k , ak ∈ Rn. Direction

The shift is 1
2
rkak+1. Typical case rk+1 =

1
2
rkβ for some

β ∈ (0, 1).
Perfect self similarity: zk+1(a) = zk(a) +

1
2
rk =

∑k
j=0

1
2
βjaj

The Cantor set is closed and totally disconnected.

Self similarity: finding the next center zk+1(a) = zk(a) +
1
2
rkDaniel Campbell Everything interesting happens on a Cantor set



Cantor sets are the stairway to heaven

Choose β = 2
p

n−p , then the Cantor set has positive finite Hn−p.

Define a Lipschitz function gk grows from 0 to 1
k
on ‘k-frames’.

We can easily estimate∫
Rn

|Dgk |p ≤ C
1

kp
.

Therefore

fm :=
∞∑

k=m

gk ∈ W 1,p(Rn) and ∥fm∥W 1,p
m→∞−−−→ 0.

The Cantor set has zero p-capacity!
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Cantor sets may have positive measure

Any Jordan curve of positive measure must contain a Cantor
set of positive measure.
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Between Cantor sets

Construct two cantor sets and map each frame onto each
frame by a square-radial map.

(Or use a Cartesian product of such maps.)

Ponomarev - A counter example to the Lusin (N) condition.
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A typical trick - big-small-big

Take a Cantor set of positive measure and squeeze it into one
of zero measure.

Do something weird to the small Cantor set by bi-Lipschitz
map.

‘Reinflate’ the Cantor set back up to one that has positive
measure.
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Something crazy

x4 = +1

x4 = −1
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Something crazy

x4 = 0
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A Cantor Tower

g−1
k L−1

hk

Lgk
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